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Abstract 

Symmetries in the Lagrangian formalism of arbitrary order are analysed with 
_^ , the help of the so-called Anderson-Duchamp-Krupka equations. For the case 

Q I of second order equations and a scalar field we establish a polynomial structure 

T^ • in the second order derivatives. This structure can be used to make more 

precise the form of a general symmetry. As an illustration we analyse the case 
k><( I of Lagrangian equations with Poincare invariance or with universal invariance. 

1 Introduction 

The study of classical field theory in the framework of the Lagrangian formalism 
is still a subject of active research. For first-order Lagrangian systems one usually 
prefers the use of the Poincare-Cartan form or related geometrical objects (see for 
instance ||ll,[0). For higher-order Lagrangian systems it is difficult to find a proper 
generalization of the Poincare-Cartan form having the same properties as for the 
first-order case. Particulary difficult is to find such a generalization having a nice 
behaviour with respect to the (Noetherian) symmetries. A way out is to use a related 
formalism based on the Euler-Lagrange operator and its intrinsec characterization 
by Helmholtz equations. In fact, it was noticed sometimes ago that, in the case of 
second order differential equations describing a system with finite number of degrees 
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of freedom, one can give necessary and sufficient conditions such that the equations 
follow from a Lagrangian: they are the so-called Helmholtz equations (see for 
a rather complete bibliography on this problem). Remarcably, this result can be 
extended to the general case of classical field theory and to equations of arbitrary 
order, leading to the so-called Anderson-Duchamp-Krupka (ADK) equations @] , |^ , 
which semms to be less known in the physics literature. The proper framework for 
this formalism is based on the jet-bundle structures. 

The purpose of this paper is to prove that this formalism based on the ADK 
equations can be used to treat rather completely higher-order Lagrangian systems 
with groups of symmetries. 

Section 2 has the purpose of presenting the formalism. For the sake of the 
completeness we will also sketch the derivations of the ADK equations. Section 3 
is dedicated to the extensive study of second-order Lagrangian equations. In the 
case of a scalar field one can practically "solve" the ADK equations establishing 
a polynomial structure in the second-order derivatives. This central result greatly 
simplifies the study of (Noetherian) symmetries. 

In Section 4 we impose, in addition, invariance with respect to some symmetry 
group. Combining with the result of Section 3 one can completely analyse some 
interesting symmetry groups as the Poincare invariance and the so-called universal 
invariance 0. Section 5 is dedicated to some final comments. 

2 A Higer- Order Lagrangian Formalism 

2.1 The kinematical structure of classical field theory is based on a fibered bundle 
structure n : S ^^ M where 5" and M are differentiable manifolds of dimensions 
dim{M) = n, dim{S) = N + n and n is the canonical projection of the fibration. 
Usually M is interpreted as the "space-time" manifold and the fibers of 5* as the 
field variables. Next, one considers the k-jet bundle Jn{S) i— *• M (A; = 0, ...,p). By 
convention J°(<S') = S and p G IN U {oo}. 

One usually must take p G IN but sufficienty large such that all formulas make 
sense. Let us consider a local system of coordinates in the chart U ^ S : (x'*) (/i = 
l,...,n). 

Then on some chart V C 7r^^(f/) C S" we take a local coordinate system adapted 
to the fibration structure: {x^, -0^) (/i = 1, ..., n, A = 1, ..., N) such that the canon- 
ical projection is 7r(x^,'0"^) = (x^). 

Then one can extend this system of coordinates to Jn{S) for any k < p: 

If /xi, ...,Hk are arbitrary, then by {^i, ...,/ifc} we understand the operation of in- 
creasing ordering; then the notation i/jA-^ „ | makes sense obviously. 

2.2 Let us consider s < p and T a. {n + l)-form which can be written in the local 



coordinates introduced above as: 

T = r^ #^ A dx^ A ■ ■ • A rfx" (2.1) 

with Ta some smooth functions of {x^ , -0^, -0^, ..., '0^-i^...^^J- 

Then T can be globally defined. Indeed, if we make a change of charts adapted 
to the fiber bundle structure: 

0(x^V^^) = (r(x),F^(x,V^)) (2.2) 



then in the new coordinates T has the same structure ( p.l| ) as above. In fact, one 
immediately gets that: 



n = det[^]—^rso^ (2.3) 



where is the lift of to J^iS). 

We call such a T a differential equation of order s. 

2.3 To introduce some special type of differential equations we need some very 
useful notations [HI. We define the differential operators: 



ri\...ri\ d 



OMl,-,/^! _ 'l----'l- ^ Icy ^\ 



for any / = 0,...,A;. Here r^ is the number of times the index i appears in the 
sequence /Ui, ...,/x;. The combinatorial factor in (|2.4| ) avoids possible overcounting in 
the computations which will appear in the following. One has then: 

dT-'''<,...,., = \siperm (5^') (V/ > 0) 



and 



57-'"'<,...,.. = {l^m) 



'Ul,...,U„ 

where by perm{A) we mean the permanent of the matrix A. 
Next, we define the total derivative operators: 



D. = ^ + i:<,.....,d7-''- (2.5) 



^^^ l>0 



One can check that 



D,K,...,. = <,...... (2-6) 

[D^,D,]=Q. (2.7) 

Finally we define the differential operators 

D^,_,^^D^,...D,^. (2.8) 

Because of ( p.7|) the order of the factors in the right hand side is irrelevant. 



2.4 A differential equation T is called locally variational (or of the Euler- Lagrange 
type) iff there exists a local real function C such that the functions Ta from (|2.1|) 
are of the form: 

£AiC)^Y.i-^yD,„...,,,idT-''''^) (2.9) 

One calls C a local Lagrangian and: 

L = Cdx^ A---dx'' (2.10) 

a local Lagrange form. Let us note that L can be globally defined if we admit that 
at the change of charts ( |2.2| ) C changes as follows: 



If the differential equation T is constructed as above then we denote it by E{L). 
A local Lagrangian is called a total divergence if it is of the form: 

C = D^V^. (2.12) 

One can check that in this case we have: 

E{L) = 0. (2.13) 

This property follows easily from: 

1 ' 
[d'X''-'^' , D,] = J26i^^d^''-'''--'''\ (V/ > 0). (2.14) 

The converse of this statement is true if one works on J!j^{S) (see 0). It is not 



known if this is true on JniS) with p finite. A local Lagrangian verifying (|2.13|) is 
called trivial. 

2.5 Now we come to the central result from Q], [§. 

Theorem 1 Let T be a differential equation of order s. Then T is locally variational 
iff the functions Ta from (^.1\) verify the following equations: 

dT-^^Ts = ti-^yclD,,^,,...,,A'-''TA, {I = 0, ..., .). (2.15) 

p=i 



Remark 1 These are the so-called Anderson-Duchamp-Krupka equations. For n 
1 and 8 = 2 one obtains the well-known Helmholtz equations. 



Sketch of the proof [| 

We remind the reader that we are working on J^iS) with p sufficiently large. 

Suppose that £ is a local Lagrangian depending on (x'", ip^, ip^, ..., "0^^^...^^^) with 
2r>s. 

Then we must show that T4 = Sa{L) verify the ADK equations. The idea is the 
following: let y^ {A = 1, ..., A^) some x-dependent functions and: 

< '■■^3^^ (W = 0....,2.r). 

We define (locally) the vector field Y by: 

2r 

One proves by direct computations that: 

Cy{L) =iyE{L) + Lo. 

Here Cy and iy are the standard operations of Lie derivative and inner contrac- 
tion. Lq is a Lagrange form corresponding to the trivial Lagrangian Cq = D^V^ 
where: 

p=i 1=1 

So one has evidently: 

EiCyiL)) = E{iyE{L)). 

But the Euler-Lagrange operator E contains only the operators Qi^'---'^^' and Df^ 
(see ( |2.9| )) and one can check directly that both commute with Cy when applied to 
L; so E commutes with Cy and the preceeding relation implies: 

Cy{T) = E{lyT). 

The ADK equations are nothing but the coefficients of y"}^ in this equation. 



Suppose that the differential equation T verifies (locally) the equations ( |2.15D 



One can choose the system of local coordinates such that T^ are regular functions 
in the point: ^/^^^ =0 (/ = 0, ..., s). Then one defines the (local) Lagrangian: 

C= f\^TAOxxd\ (2.16) 

JO 



where 



xxix^.i^^X^-^'Pt-J = {x^Ai^^Ai^t^-M^tu...,J- 



Then by direct computations one gets that T4 = Sa{L). □ 



The expression ( |2.16| ) is called the Tonti Lagrangian. 



2.6 One would like to show that the ADK equations have a global meaning i.e. 
if in some chart Ta verify ( ^.15| ), then 7^ given by ( |2.3| ) verify ( ^.15| ). Suppose that 
T4 verify (|2.15|) . Then Theorem 1 shows that 7^ = Sa{L) for some Lagrange form 
L. If we consider a change of coordinates (f) on S (see subsection 2.2) one can prove 

that 

n = £iL') (2.17) 

where L' is the Lagrange form associated to the Lagrangian given by ( p.ll|) . We 
apply again Theorem 1 and obtain that 7^ verify again ( |2.15| ). Let us give the 
idea of the proof of ( |2.17 ). An evolution is any section \E' : M ^ S" of the bundle 



7i:S^M. 

Let us denote by \1/ : M — >^ •Jni'^) ^^^ natural lift of \l/ and define the action 
functional by: 

Aii^) = [i^YL. (2.18) 



The fundamental formula of the variational calculus is then: 

5xAlW = j{i>yixE{L) (2.19) 

where X = X^^jx is the infinitesimal variation. One computes in two obvious ways 
this variation and discovers that £a{L) and Sa{L') are connected by a relation of 
the type (|2.3|). From this the equation ( |2.17] ) follows immediately. 

2.7 Let us suppose that T is a differential equation and n : S ^^ M is a evolution. 
One says that \E' is a solution of T if one has: 

(^)*r = 0. (2.20) 

If T is locally variational T = E{L) one obtains the global form of the Euler- 
Lagrange equations. In local coordinates one can arrange such that \I' has the form 

jrfj. ,_^ (^rf.fj.^ '^(x)); then \I/ : M — > 7^(5") is given by 

x^ t-* x^,'^(x),- — (x) 



dx^^ 5x^1... 9x^= 



and ( p.20| ) take the well-known form. 



2.8 We come now to the notion of symmetry. By a symmetry of T we understand 
a map (f) G Diff{S) such that if \I' : M — ;► S* is a solution of T, then o \1/ is a 
solution of T also. 

It is tempting to try to classify all possible symmetries associated to a given T. 
In general, this problem is too difficult to tackle. We will solve a particular case in 
the next section. For the moment we content ourselves to note that if (p verifies: 

{(j))* T = XT, (A e IR*) (2.21) 



{(p G Diff{J^{S)) being the natural lift of (p), then is a symmetry. For A = 1 
these are the so-called Noetherian symmetries. Indeed if T = E{L) one can recover 
the usual definition: 

Al{(P o^) = ^i(^) + a trivial action (2.22) 

where by a trivial action we mean an action Alq with Lq a trivial Lagrangian. 



Noetherian symmetries are important because from ( p.22| ) one can obtain conserva- 
tion laws. 



3 Second Order Euler-Lagrange Equations 

3.1 We particularize the ADK equations for case s = 2 of second-order Euler- 
Lagrange equations. It is not hard to obtain the following set of equations: 

O'^'^'Tb = a^^^^Xi (3.1) 

d^/Ts + d%^TA = 2 {d,, + V'J^Sc + ^f,,.,}^^^ O^^'Ta (3.3) 



(^m + V^S^c + ^t..,}dl}) {d,, + i,^^^dn + ^t^u.^d'g) dT^TA. (3.4) 



It is plausible to conjecture that from (|3.1| ) and ( p.2|) follows that 7^ is a polyno- 

V}- 



mial in the second order derivatives V'fuz/i- We have succeded to prove this conjecture 



for the case of the scalar field A^ = 1 . 

3.2 Let M ~ IR'^ with coordinates [x^) fi = 1, ..., n and 5* C M x IR with coordi- 
nates (x^, ip). We can imbed naturally J^iS) in an Euclidean space with coordinates 

Then we have from (O), (O) and (Ol): 



T = r d^ A dx^ A • ■ ■ A rfx" (3.5) 

ri!...r;! d 
d>'^'-'^^ = \, ' , (3.6) 



The ADK equations (p.l|)-(|37^) simplify considerably. In fact (|3.1|) is trivial 



(|3.2|) and ( p.3|) become 

{QW1QP2PS _|_ QfJ'PiQpspi _j_ QP-p3Qpip2\ q- /'g g^ 



and respectively 

d^T = f ^ + i^ud + i^{up}dp\ d^'^r. (3.9) 

Finally (|3.4| ) is a consequence of (p.9|) . We will be able to prove that (|3.8| ) is 
compatible with a polynomial structure of T in the second order derivatives il^iiiu} ■ 
3.3 Let us note that Tonti Lagrangian associated to T is (see ( p.l6|) ): 

C= f^ToxxdX (3.10) 

Jo 

with 

The Euler-Lagrange equations for C are a priori of order fourth because the 
Lagrangian is of second order (see ( p.9|) ). It follows that there are some constraints 
on jC; namely one should require that the terms of third and fourth order in the 
expression E{L) should be identically zero. It is easy to prove that this condition 
amounts to: 

(^gt^PigP2P3 + Q,^P2QP3Pi ^ gpP3gpiP2^ £ = g (3.11) 

More precisely we have 
Lemma 1 A second order Lagrangian C leads to second order Euler-Lagrange equa- 



tions if and only if it verifies the relation l\3.1J\ ). In this case we have: 



+ (^117 + ^/^^^ + ^{M...}^") (^ + ^P2d + Ap2.2}d''^) d^^^^c 

(3.12) 



3.4 We turn now to the study of the equations ( |3.8| ) (or ( |3.11| )). Let us define 
the expressions: 

1 " 

^Mi,...,M.;-i,...,-. ^ ^^^,...,P^^..,...,.r. -Q ^^^^^^^ (VA; = 0, ..., n) (3.13) 

Up to a sign, ^Wv,A'fc;i'i,---,'^fc jg \\^q determinant of the matrix '0{^;y} with the lines 
/ii, ..., /ifc and the columns Vi, ...,Vk deleted. The combinatorial factor is chosen such 
that: 

ij^'^ = det{'4j{^,}). (3.14) 

We prove now 



Theorem 2 The general solution of the equations (\3.d^ ) is of the following form 



n ^ 

•^ ^ A^ /, iN2^iv-,A'fc;i'i,-,i^fe'r ^'"'' ''' ^'"'' *" (3.15) 

fc=o y'^-! 

where T, are independent of i/j^fj^^y: 

5^%„...,;..;.„...... = 0, (Vfc = 0,...,n) (3.16) 

and have the same symmetry properties as ij)"' : complete antisymmetry in /ii, ..., /ifc, 
complete antisymmetry in z/i,...,//^ and symmetry with respect to the interchange: 
/ii,...,/ifc ^ I'l, ...,t'fc. 

Proof 

(i) One uses induction over n. For n = 2, the equations (|3.8|) are simple to write 
and one obtains indeed that the general solution is of the form (|3.15|) . We suppose 
that we have the assertion of the theorem for a given n and we prove it for n + 1. In 
this case the indices /i, z^, ... takes values (for notational convenience) /x, z/, ... = 0, ..., n 
and i,j,... = l,...,n. If we consider in ( |3.8| ) that /i,pi,p2,P3 = l,-.-,n then we can 
apply the induction hypotesis and we get. 



" 1 ^ 
^ = E 77:n^^.............^"'-"'="^'-"'= (3-17) 

fc=0 



Here T has obvious symmetry properties and can depend on x, ip, i^^ and i^{o^}. 
The minors ■(/'•■■ are constructed from the matrix ^^{ij] according to the prescription 

(EH- 

(ii) We still have at our disposal the relation ( [3.8|) where at least one index takes 
the value 0. We obtain rather easily: 



,2 ~ 



(5°°) T;,...,,;,,,...,,, = 0, (V/c = 0,...,n) (3.18) 

5°°5"^7J„...,,;,„...,,, = 0, (VA; = 0,...,n) (3.19) 



a"'a""^T0;0 = (3.20) 

k 

2 A^\ '-) V% J9 % J?/ ^ii,...,jp,.-«fc;jivj9,-,jfe ^ 

p,g=l 

2 d''d'^%,_,,.,,_,, = Q, (Vfc = l,...,n) (3.21) 



E E (-1)^-^' (C'^ + ^;C) ^°'^....,4..........,i...... = (v^ = 1, ..., n). 

{l,m,r)P,q=l 



(3.22) 



Here by J2{i,m,r) we understand the sum over all cyclic permutations of the indices 
/, m,r. 

It is a remarcable fact that these equations can be solved i.e. one can describe 
the most general solution. 

From ( |3.18| ) we have: 



T,^ 



% 



(0) 



'(1) 



(fc = 0,...,n) 



'ii,...,jfc;ji,...jfc ■'ii,...,ik;ji,...,jk "•" ''P{00}-'ii,...,ik;ji,...,jk 

with the restrictions: 

d^'T^l,,,,,,...,,, = 0, {k = 0,...,n; 1 = 0,1) 
From (|3.19|) and ( p.20|) we also get: 



^°'^!1......... = 0> (fc = 0,...,n) 



(3.23) 
(3.24) 

(3.25) 
(3.26) 



Finally (|3]2T|) and (|]22D become: 



n............. = 0, (Vfc = l,...,n) (3.27) 

{yk = l,...,n) (3.28) 



2 Q0lQ0mq-{0) 



■,Jq,---,Jk 



■^— ' ■^— ' \ '•P JQ '•P Jq J ll,...,lp,...lk',Jl, 

{l,m,r) P,g=l 

(iii) Now the analysis can be pushed further if we apply the operator d^"^ to 
(|3.27| ); taking into account ( p.24| ) we obtain: 



5°'^5°'5°'"7:;°1,^,^_,.^ = (V^ = 1, ...,n) 



(3.29) 



The equations ( p.26|) and (|3.29|) can be used to obtain rather easily a polynomial 
structure in ip^oi]. The details are elementary and one gets from ( ^.261 ): 



% 



(0) _ T-e 



with 



%;9 + J2 ^0;0^{OO 
I 



5°"^0;0 = 0. 



(3.30) 
(3.31) 



Analogously, one establishes from ( |3.29| ): 



% 



(0) 



nv.«fe;ji.---jfc 



%' 



nv.«fc;jivjfe 



+ J2'^i,...,ik;n,-,Jk^m + 



1 YT^' 



Im 



2 /-^ "nv:«fc;jivjfc 

Lm 



^{00 ^{om}, (VA; = l,...,n) 



(3.32) 
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Here we have: 

^°'^^;:........... = (fc = 0, 

We can also suppose that: 



,n 



i-rlm 

If we insert ( p.32|) into ( p.27| ) we get: 

k 

2 



X 



h,---,ik;ji,---,jk' 



(3.33) 
(3.34) 



/T-Zm 

il,...,ik;jl,---,jk 



1 '' 

- V (-1)^+'^ (6^6] + 5\ 5"^) r^'^ ... . . . (3.35) 



P,9=l 



Finally, inserting ( p.32|) into (|3.28|) we get 



Z^ Z^ y I \ ^p ]q ' Ip JqJ ll,...,lp,...lk;jl, 

{l,m,r)p,q=l 



•Jtjvjfc 



(VA; 



,n) (3.36) 



y y (-l)P+M<5r5^ + <5[ 5™ T'^ .- . . . . =0(VA; = l,...,n) (3.37) 

{l,m,r) P,g=l 

Let us summarize what we have obtained up till now. The solution of ( |3.18| )- 
(|]22D is given by (1031) where r(°) is given by (|02|) with T'™ explicitated by (lOSi) 
and T' restricted by ( |3.36| ). One also has to keep in mind ( ^.311 ) and ( |3.33| ). We will 
show that (|3.35|) identically verifies ( |3.37|) so in fact we are left to solve only ( |3.36|) . 

(iv) It is rather strange that equations of the type ( |3.36| ) and ( p.37| ) can be anal- 
ysed using techniques characteristic to quantum mechanics, namely the machinery 
of Fock space. In fact, let us consider the antisymmetric Fock space JF(~)(1R"); we 
define next the Hilbert space H = J^(-)(1R^) ® J^(-)(1R'') 

It is clear that the tensors % 
also the symmetry property: 

where 



, .,• , can be viewed as elements of H verifying 
ST- = T- (3.38) 



5(0 ® ^) = ^ 0, (V0, ^P E ^(-)(IR"))- (3.39) 

Let us denote by a(;) and a*'-'-', (V/ = 1, ...,n) the annihilation and respectively 
the creation operators acting in JF(~)(1R"); then we have in ?i the operators: 

6*(') = a*(') ® 1, c*(') = 1^ a*(^) 

and similarly for 6(;) and c^i). In these notations ( p.35| ) and ( |3.36| ), ( |3.37| ) become: 



T 



Im 



2F 






{l,m,r) 



(3.40) 
(3.41) 
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(3.42) 



{l,m,r) 

Now it is extremely easy to prove that ( p.40| ) identically verifies ( p.42| ) so, in fact, 
( p.35|) identically verifies (|3.371) as we have announced above. 
We concentrate now on ( |3.41D . If we take I = m = r we get: 

l)*W^*Wq'i = Q (^jiQ summation over /!) 
which easily implies that T' must have the following structure: 

with B, C and D obtained from the vacuum by applying polynomial operators in 
all creation operators with the exception of &*'•'•' and c*'-'-'. 
From ( |3.38| ) we get: 

C = SB, D = SD 

so, in fact, T' is of the form: 



r^ = b<^^B' + c*'-^^SB' 



(3.43) 



with B' arbitrary. Now it is easy to prove that ( |3.43|) identically verifies ( p.41j ) so it 
is the most general solution of this equation. 

Reverting to index notations, it follows that the most general solution of ( |3.36|) 
is of the form: 



T 



nv,«fc;ji.---jfc 



A^\ I y'lp zi,...,lp,..Ak;jl,-,]k ' Jp JlvJ; 



p=l 



jp,---,jk;n,---,ik 



(3.44) 



where %2,-,ik;ji,--,jk i^ completely antisymmetric in ^2, ■■■,h and in ji, ...jjk- 



The structure of % 



n,.--,«fc;jivjfc 



is completely elucidated: it is given by (|3.23| ) where 



r(o) is given by (Q) and i^;^; in (2]^ T' is given by (KM) and T'™ by ( ^ 
Everything depends on some arbitrary functions T^:^ and T^^-* which do not depend 
on tp{o^}. 

(v) It remains to introduce the expression for T in ( p. 171) and regroup the terms. 
If we define: 



^;0 = ^;0 



■^0,ii,...,tk;Oji,...,jk 



{k + l)Tl 



.«fcyivjfc 



T ■ ■ = T^'^ . . . 

■^ii,...,ik;n,---,Jk — ■^ti,...,tk]ji,-..,jk 



% 



0,i2,---,ik;ji,---,jk 



K li. 



«2v.«fe;jivjfc 



then (^) goes into ( PTTBQ . □ 



3.5 We can insert the solution ( |3.15| ) of ( p.8| ) into (|3.9|) and obtain some restric- 
tions on the functions T . 
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It is convenient to define: 



d 



Sx^^ dxf^ 



+ « 



(3.45) 



Then we obtain: 



k / ST - - ST ' - ' 

V^ /_i \i+jr' / ep ^■^fi.l,...,tJ.i,...,fJ.k;'^l,---,<^j,---,<^k _|_ rp '^ -^ tJ.i,...,fJ.i,...,flk;'^i,...,Uj,...,l^k 



U^i 



k 



Sx'^ 



E(-l)'"' K: (5'^A,,„... 



Pi,...,Pfc;!/i,...,i^fc 



j=l 






.i^fc 



(3.46) 



(A; = l,...,n- 1), 



d'T 



fii,...,fi„;iyi,...,u„ 



1 " f ST - - ST -^ - ' 

jj^ V^ /I \l+j / rp "-'pl,...,Pi,...,Pn;'^lv,'^jv,i^Ti I rp '^ -^ lJ.l,...,lJ.i,...,tjL„;V\,...,Ui,...,Vn 



i,j='^ 



So we have: 



Sx^^ 



Sxf^^ 



(3.47) 



Theorem 3 The most general local variational differential equation of second order 
for a scalar field is given by ( \3.13i ) where the functions T. have the structure decribed 
in the statement of Theorem 2 and also verify l \3.4(\ ) o,nd l \3.4'/\ )- 



3.6 We concentrate now on the form of possible Lagrangians producing second 
order differential equations. According to subsection 3.3 such a Lagrangian can be 
taken to be of second order and constrained by ( p. 11 ). According to Theorem |^ this 
means that C can be taken of the form: 



1 



r — ST^ r ,/,/iiv,A'fe;i^i,--M'^fe 



with C independent of ipipa} '■ 



a^"/: 



fii,...,fik;ui,...,Uk 



{k = 0,...,n) 



(3.48) 



(3.49) 



and with the same symmetry properties as T.. 

Of course, it is possible that two different Lagrangians of the type (|3.48|) give 
the same Euler-Lagrange operator. To investigate the extent of this arbitrariness 
we compute E{L). As expected, we get something of the form ( |3.15|) : 



n 1 



,fH:;Ul,...,l/k 



^m, 



,lik;i^i,...,i/k 



(3.50) 



13 



where: 



r{L),,,... 



fii,...,fik;iyi,...,Uk 



[n k + ljo'l-^^_...,^j.;,yj^,,,,i/j. + (a >L-^i,...,/ij.;i/i,...,!/;,j + 



E(-i 

k 



5 



- (^'^^^. 



" ''-Ml 



IJ,l,...,fli,...,fl^:;Ui,...,Uk 



6x 



V. (9' A... 



,/ifc;A!/i,...,!?i,...,i/fc 



+ 



fJ.l,...,fJ.i,...,fH:;t^l,...,Uj,...,Ut: 



5x>^i 5x^i 



- d^d'^C 



A,Miv,Mfc;C,i^i,---,i^fe (3.51) 

(k = 0,..,n-2), 



-^ [J^)fj,i,...,^i„-i;ui,...,u„^i 
n-1 



2C''t-'^l,...,/i„_i;l/l,...,i/„_l + ^ I^C' l-/ii,...,/i„_i;l/i,...,j/„_i j + 



E(-i) 



i=l 



6 



6x1^ 



- {d'^K..,. 



,IJ,i,...,fJ,n-i;Ul,...,Un- 



J + 



6x'' 



{d'C 



/il,...,/Xn-i;A,l/l,...,l5i,...,l/n- 



"-1 pr 



(3.52) 



■^^ / ^Nj+j" '~'IJ,l,...,fJ,i,...,fJ.„\Ul,...,Uj,...,Un 



We use in these equations the Bourbaki convention X)g 



(3.53) 



= 0. So, £ given by 

(|3.48|) leads to trivial Euler-Lagrange equations ijf the expressions T[L)^ defined 
above are identically zero. 

3.7 We are prepared to investigate now the most general expression of a symmetry 
for a second order local variational differential equation for a scalar field. We have: 

Theorem 4 Let T a local variational differential equation for a scalar field and 
(p G Dif f{S) a symmetry. Then there exists p G J^{J^{S)) such that: 



and 



a^'v = 

(0)* T = pT. 



(3.54) 
(3.55) 



Proof 

The condition that is a symmetry is that ( p. 20 ) should be equivalent to the 
same equation with \E' h-^ o \[f for any evolution \1' : M i— > 5*. Because \E' is arbitrary 
one obtains that: 

T = 0^{(Py T = 0. 
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Equivalenty, if we define T' by 

{^y T = T dij A dx^ A ... A dx"" 

then we have: 

r = ^ T' = 0. 

One easily obtains from here, under some reasonable regularity conditions, that 
there exists a funtion p G J-'{J^{S)) such that 

T = pT. (3.56) 

Because T and T' are locally variational T and T' have the polynomial structure 
given by (|3.15|) . So we have p = 4 , where p and p' are some polynomials in i){^u} . 



So, (|33^ ) is: 



pT = p' T'. (3.57) 

We identify the terms of maximal degree in ip{^v} in both sides and find 

Pmax %$ detiij) = p'^^^ rla detii;) ^ Pmax = PO P'max (3-58) 



where po = y^- ^^ insert this in ( |3.57|) and continue by recurrence. Finally one 



gets p = Po so we have in fact ( |3.54|) . Moreover, it is clear that ( p.56| ) is equivalent 
to (|335|) . □ 



Remark 2 One can obtain some usefull relations from ( 3. 56| j if we insert it into 



l\3.4(\) and l\3.4Ti) and take into account that T verify these equations also. One 



obtains: 

Sf 



.t'-'>""(*^'^^'- 






QJJp'^^^l'■■■'^^r^■'l^l'■■■'•'^ ~ 2 .■^ y^'Sx^J ~^ ' Sx'''^ j ^^^'■■■'l^"■■■'^'"'''^'■■■''^J'■■■'''"' 



Z^l ^) y(^ii^-^x,fj,i,...,ili,...,fMk;'^i,...,Uk ' ^iJ^-^fii,---,t^k;>^,vi,...,Ui,...,Ukj r^l [6. by) 

(k = l,...,n-l), 

(3.60) 

These relations can be used to obtain some restrictions on the function f . For 

instance, let us suppose that ^ = and -g4^ = 0. Then one obtains that either 

0^ = (in this case f is locally constant) or T . verifies: 

E (-1)^^' fe^^. + S'.,^,.) ^m,...,M....,M.;.i,...,^.,...,.. = 0{k = l, ...,n). (3.61) 

Remark 3 Theorem 2 is a sort of Lee-Hwa Chung theorem j^ for the Lagrangian 
formalism. 
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4 Lagrangian Systems with Groups of Symme- 
tries 

4.1 We will study two types of symmetry in this section. First, the case when the 
group of symmetries is a Lie group (with a typical case the Poincare invariance) and 
next the case when the group of symmetries is infinite dimensional (with the typical 
case the universal invariance). 

4.2 Let us consider a second order locally variational equation with Poincare 
invariance. (When speaking of Poincare invariance we will have in mind the proper 
orthochronous Poincare group, although there is no dificulty in treating the inver- 
sions with the same method.) 

So, M from 3.2 is the n-dimensional Minkowski space and for obvious reasons 
the indices /i, v, ... will take the values 0, 1, ..., n — 1; the Minkowski bilinear form G,, 
has the signature (1,— 1,...,— 1). The action of the Poincare group on S" = M x IR 
is 

(j)L,a{x,i/j) = {Lx + a,i/j) (4.1) 

with L a Lorentz transformation and a G IR" a translation in the affine space M. 
The lift of (13) to J^{S) is: 

4>L,ai^, tp, ^M' ^{mi^}) = (^^ + «' "0' Lf.^'i;^, L/L^^ij^p^y) (4.2) 

and the condition of Poincare invariance is by definition: 

{<j)L,ay T = T (4.3) 

(so we are considering only Noetherian symmetries). 
The equation (|4.3|) is equivalent to: 



To<PL,a = T. (4.4) 

For L = 1 one obtains the x-independence of T: 

'^ (4.5) 



and from (14.41) we still have the Lorentz invariance of T: 



Tiij, L/L/V'i,,}) = r(^, ,/;„ V'l^,}) (4.6) 

If we insert ( |3.15|) into ( [4.5|) and (|4.6| ) we get that T.. are x-independent: 



dT _,^ = (A: = 0, ..., n) (4.7) 

and also that T. are Lorentz covariant tensors depending only of -0 and ipn- 
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Using the usual method |^ of analysing the generic form of such a tensorial 
covariant functions one obtains that T . is a sum of expressions of the type: 

ilj,...'iljG„...G,A{ilj,J) 

where J = ip'^ip/i is a Lorentz invariant. 

One has to take into account now the various symmetry properties of T,. First 
one notices that one cannot have more than two factors ifj, because for three factors 
or more one contradicts the antisymmetry in //i, ...,/ifc or/and in z/i, ..., z/^. Because 
we also have symmetry with respect to the change (/ii, ...,/ifc) ^^ {T^i,---,^k) it is 
clear that we have two types of terms: terms containing no -0. factors and terms 
containing exactly two ip, factors, more precisely of the form il^^^'ipy^. Also, to avoid 
contradicting of the antisymmetry the factors G., alloweded are of the form G^^,^^. 

Summing up, the most general Lorentz covariant tensor T. respecting the sym- 
metry properties from the statement of Theorem 2 is 

Here Ak and B^ are smooth functions of -0 and J. We use the convention Bq = 
and we have defined 

^m,...,..;.....,.. = E (-l)l'^l+'^l n C..,)..,) {k = 0, ..., n) (4.9) 

o".TG'P{i,...,fc} «=1 

J.„...,,.;.„...... = E (-l)''^'^'^'V^M.a)V^Mi)nG,.(0M0 (/^ = 0,...,n) (4.10) 

with the conventions /0;0 = 1, J0;0 = 0. 

One must insert ( [4.8|) into the remaining ADK equations ( p.46|) and ( p.47|) . The 



result of this tedious computation is: 

dAk-i _ ^j^dAk _ ^jdBk _^^^ ^^^^ = (A; = 1, ..., n-l) (4.11) 



dij dJ dJ 

dip 



(A; = l,...,n-2) (4.12) 



where we understand that for ri = 2, ( [4.12|) dissapears. Inserting ( [4. 81) into ( p.l5|) it 
follows that we have: 

Theorem 5 The most general local variational differential equation of second order 
for a scalar field having Poincare invariance in the sense (\i-4\ j is of the form: 

n-l 

T = Aodetiij) + Y. (A/fc + BkJk) + A (4.14) 

fc=i 
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where Ik and Jk are the Lorentz invariants: 

h^(j[G,^,}jr'->^'^''''-'''^ (4.15) 

Jk ^ ^Mi^-i (nC'M.^,) ^m,...,M.;^^i,...,^.. (4.16) 

Also the functions Aq, ...jAn and Bi, ...,Bn--i depend smoothly only of if) and J 
and verify the equations ( |y/.ii| j-( ^.ij| / One can take Bi, ..., Bn-2 arbitrary functions 



and 



o 



>f J and An,Bn~i arbitrary functions of ip and J. Then l \4.11\ )-l ^.ldi) can be used 



to fix Ao, ...,^n-i up to an arbitrary function of J. The Tonti Lagrangian has the 
structure M-l-^ ) also. 

4.3 Let us study now the so-called universal invariance. Suppose F e DiffiJR); 
then we define (J)f G Dif f{S) by: 

The natural lift of (I)f G Diff{S) to J^{S) is: 

(^i.(a;,^,^^,V^{^,}) = (x,F(^),F'(^)^^,F'(^)V'{^,} + F"(^)V'^^,). (4.18) 

We say that the differential equation T has universal invariance if we have: 

(0^)*T = p^r (4.19) 

The function pp G Dif f{J^{S)) does not depend on i'l^u} according to Theorem 
§ and it is a cohomological object ^^. As in [l^ we will consider only the case 
when: 

PF = {F'f. (4.20) 

In this case ( [4.19| ) is equivalent to: 



To^P= {F'y-^ T. (4.21) 

Remark 4 According to Remark 2, we have two cases: either p = 1 or we have 



( \3M ) 



We take F to be an infinitesimal diffeomorphism i.e. 

F{ij)=ij + 9{i/j) (4.22) 



with 6 infinitesimal but otherwise arbitrary and we can cast ( ^.211 ) into the infinites- 
imal form; one obtains: 

dr = (4.23) 
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tl^^'^Jud^'T = 0. 



(4.24) 
(4.25) 



Let us note that ( [4.24|) is the infinitesimal form of the homogeneity equation: 

r(x, AV^^, A^{^,}) = A^-i r(x, ^^, ^{^,}) (VA G ]R*). (4.26) 

If we insert in these equations the expression ( p.l5[ ) we obtain equivalently: 

5r^i,...,M..;-i,...,., = 0(A; = 0,...,n) (4.27) 

,^,;.i,...,.,(x,^^) (A; = 0,...,n) (4.28) 

(4.29) 



-^^J.l,...,^lk■,Ul,...,Uk\^T^V'^l) — •^ -'a*!, 



7 . ( 1) V^J.iV'uj'^^J.l,...,|2i,...,^lk■,l^l,...,UJ,...,Uk — 0. [k — l,...,n) 



Let us note that for ]? 7^ 0, (|4.29| ) follows from (|3.61|) . 

One must add to these equations ( p.46|) and (|3.47|) which are in our case: 



dx'^^ 



- + e 



k 



dxPi 



E(-ir' 



K. id'T, 



X,lj,i,...,fii,...,fik;t^i,...,Uk 



+ K. [d'^T,, 



,fj.k;X,ui,...,Ui,...,iyk 



(4.30) 



i=l 



(k = l,...,n-l), 



d^T, 



IJ,l,...,lln;Ui,...,Un 



1 " / dT ~ - dT ' - ' 

Z,J — 1 \ y 



(4.31) 



The system ( [4.27|) -( p:.31|) seems to be too hard to solve in the general case. We 
content ourselves to study two particular cases, 
(a) T is translational invariant i.e. 



or: 



dT 

dx^ 

dx^ 







(A; = 0,...,n). 



For p = n+ 1 one obtains the particular solution 

T = Tdj-^jdetii/j) 
with 70;0 constant. This is the solution appearing in p. 



(4.32) 
(4.33) 

(4.34) 
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(b) It is clear that T follows from a first order Lagrangian iff 

T^,,...,;.,;.,...,., = 0(A; = 0,...,n-2). (4.35) 

In this case: 

r = ro + r'"^^i,.}. (4.36) 

One easily obtains that ( [4.27] )- ( ^7311) reduces to: 



d% = (4.37) 

5r^" = (4.38) 

To{x,Xij^) = X^-%ix,ilj^) (4.39) 

T^^ix, AV^) = X^-^T^'^ix, i;^) (4.40) 

^.^^T^'^ = (4.41) 

d^T^"" - d^T^'' = (4.42) 

dTP" 
c>'r„=— . (4.43) 

This system was analysed in [|10| where it was found that it has solutions for 
p = and p = 1. 

5 Conclusions 

The central formula obtained in this paper is (|3.15|) . This expression affords a rather 
complete treatement of local variational differential equations of second order with 
groups of symmetry. 

It is plausible that ( p. 151 ) admits generalizations for the case A^ > 1 (i.e. fields 



with more than one components) and for s > 2 (i.e. equations of arbitrary order). 
Maybe as a first step one should try the more modest cases: A^ > 1, s = 2 or 
A^= 1, s>2. 

These problems will be adressed in further publications. 
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